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First, we verify that the physical parameters estimated for the four directly detected gravitational
wave (GW) events involving coalescence of binary black holes (BHs) indeed uphold the second law
of BH thermodynamics, strengthening further the case for BH physics. Non-spherical gravitational
collapse leading to BH formation may entail very high GW luminosities during the final phase of
implosion, reaching non-negligible fraction of Dyson luminosity ∼ c5/G.
Most galaxies harbor supermassive black holes (SMBHs) in their nuclear regions. Several bright
quasars detected at redshifts >
∼
6 are powered by accreting SMBHs of mass >
∼
109M⊙ when the
universe was only ∼ 109 yrs old. We posit that creation of SMBHs occurs due to collapse (on
dynamical time scales ∼ 108 yrs) of ultra-light bosonic dark matter (DM) particles that have un-
dergone Bose-Einstein condensation. Furthermore, oscillations in DM Bose-Einstein condensates
(BECs) triggered by tidal forces in interacting galaxies can lead to bursts of star formation in the
galactic nuclei because of frequent collisions of gas clouds due to changing gravitational field.
We buttress our proposal by first employing simple but tangible physical arguments, and then
by making use of Gross-Pitaevskii equation to study the formation of rotating SMBHs having mass
>
∼
109M⊙. We also make simple estimates of GW amplitude as well as luminosity ensuing from the
time varying configuration of BECs, constituted by the ultra-light dark bosons, and remark on the
possibility of detecting such GWs using Pulsar Timing Arrays.
I. INTRODUCTION
Cosmology, at present, faces three cardinal challenges - explaining the existence of supermassive black holes
(SMBHs), dark matter (DM) and dark energy (DE). Almost all galaxies, including our Milky Way, show evidence
of SMBHs occupying their central regions1–3. In order to be bright as well as display light-curve variability on time
scales as short as few hours, active galactic nuclei (AGNs) like quasars and blazars, require accretion discs around
SMBHs that exploit the deep gravitational potential of BHs to become hot and luminous4–6. Numerous SMBHs of
mass >∼ 109 M⊙ were likely to have formed when the universe was barely ∼ 109 yrs old, as brightest of the quasars
have been detected at high redshifts (z >∼ 6).7–12 J0100+2802, one of the ultra-luminous quasars located at z = 6.33,
has a SMBH of mass ∼ 1.2×1010 M⊙.10 A very recently discovered quasar J1342+0928 located at z = 7.54, surpassing
the distance of quasar J1120+0641 (z = 7.09), is estimated to have a SMBH of mass ∼ 8× 108 M⊙ when the universe
was merely 6.9× 108 yrs of age11,12.
Very strong evidence emerging from the analysis of observed flat rotation curves associated with disc galaxies as well
as of gravitationally bound, rich clusters of galaxies point to the existence of dark matter (DM)13. Presence of DM is
inferred also from gravitational lensing of distant sources by intervening galaxy clusters and from the observed cosmic
microwave background radiation (CMBR) anisotropy13,14. Cosmological models, like the ΛCDM, pertaining to k=0,
homogeneous-isotropic universe, with a non-zero cosmological constant and consisting of weakly interacting massive
particles (WIMPs) acting as the cold DM, are not only consistent with the subtle details of CMBR observations but
are also successful in explaining cosmic structures on scales larger than the galactic scales.
But predictions of ΛCDM model at galactic and sub-galactic scales, such as large number of bright satellite galaxies
and DM density cusps in the galactic centres have not met with much success15. Likewise, CDM candidates e.g.
neutralinos and other SUSY particles ensuing from supersymmetric extensions of particle physics Standard Model
have not yet been detected16–19.
In contrast, if ultra-light scalar/ pseudo-scalar particles like axion or dynamical four-form constitute the DM, there
may not arise any tension between the observed large scale cosmic structures and the sub-galactic scale features15,20–22.
Existence of ultra-light, bosonic DM particles may also explain discovery of SMBHs at the centers of most galaxies22.
Although growth of seed BHs via matter accretion or direct collapse of galactic halo are considered to be standard
scenarios for generating SMBHs, they require either very massive seed BHs (>∼ 103 M⊙) to have formed by z >∼ 40 or
recurring periods of hyper-Eddington accretion rate to amplify the mass to >∼ 109 M⊙ when the age of the universe
is only ∼ 109 yrs11,12,23–32.
But are there strong and direct evidence of BHs? Inference of BH-existence whether from rapid X-ray variability
2associated with accretion discs around compact objects like Cygnus X-1 and AGNs, or from painstaking studies of
stellar motions around super-massive compact objects present in numerous galaxy centres, are indirect. However,
recent discovery of gravitational waves (GWs) by LIGO detectors have put BHs on very firm footing33–36.
So, at the very outset, we make use of the estimated parameters from the directly detected GWs to further bolster
the evidence for BHs. In the section thereafter, we first provide simple arguments to illustrate that self-gravity of
a portion of DM halo, that is in a Bose-Einstein condensate (BEC) phase, can entail creation of a SMBH. In the
subsection that follows, we employ Gross-Pitaevskii equation to study the quantum evolution of such BECs as well
as the conditions under which rotating SMBHs can be produced on dynamical time scales. We conclude the section
by commenting on the GWs generated during the dynamical changes in such rotating BECs.
II. BLACK HOLE THERMODYNAMICS
Black holes (BHs) and gravitational waves (GWs) are two of the signature predictions of general relativity. Although
there were plenty of indirect evidence for both in the past, direct detection have been made possible by the LIGO
detectors only recently. Now, for BHs, general relativity also predicts that no classical process can decrease the area
A of a BH event horizon (EH) (i.e. the second law of BH thermodynamics (SLBHT)) so that37,
dA
dt
≥ 0 , (1)
implying that the EH area A characterizes BH entropy.
Therefore, according to SLBHT, given two coalescing BHs with initial EH area A1 and A2, respectively, the resulting
post-merger compact object must necessarily have an EH area A ≥ A1+A2, if it settles down to a standard BH. Recent
detection of the four GWs events offer an excellent opportunity to study the significance of SLBHT for these binary
BH mergers. In the next subsection, we check the consistency of SLBHT by making use of the estimated physical
parameters associated with the events - GW150914, GW151226, GW170104 and GW170814.33–36 The subsection that
follows discusses Dyson or Planck luminosity in the context of BH formation.
A. Binary Black hole Mergers from LIGOs
The EH area of a Kerr BH is given by,
A = 8π
(
G
c2
)2
M
(
M +
√
M2 − (Lc/GM)2
)
(2)
where M and L are the BH’s mass and spin angular momentum, respectively. From eq.(2), it is clear that for a
given mass M , the EH area is maximum when the BH is of Schwarzschild type (i.e. L = 0). In order to make an
extra-stringent test of the SLBHT, we assume that the two initial BHs are of Schwarszchild kind so that the initial
total EH area is given by,
Ai = 16π
(
G
c2
)2[
(M21 +M
2
2
]
(3)
BH-BH merging, ensuing from loss of orbital energy energy due to emission of GWs, leads to a bigger rotating BH
(because of the orbital angular momenta of the initial BHs) with the final EH area given by,
Af = 8π
G2
c4
M2f
(
1 +
√
1− (Lc/GM2f )2
)
(4)
From eqs.(3) and (4), ratio of the final EH area to the initial EH area is simply,
Af
Ai
=
M2f
[
1 +
√
1− (Lc/GM2f )2]
2
[
(M21 +M
2
2
] = M2f
[
1 +
√
1− a2f
]
2
[
(M21 +M
2
2
] (5)
3where,
af ≡ L
GM2f /c
. (6)
For the event GW150914, estimated parameters are as follows: M1 = 29
+4.0
−4.0M⊙, M2 = 36
+5.0
−4.0M⊙, Mf = 62
+4.0
−4.0M⊙
and af = 0.67
+0.05
−0.07.
If we consider M1 = 29M⊙,M2 = 36M⊙,Mf = 62M⊙ and af = 0.67 in eq.(5), we obtain Af/Ai = 1.57.
On the other hand, if we take M1 = 33M⊙,M2 = 41M⊙,Mf = 58M⊙ and af = 0.72, we find
(
Af/Ai
)
min
= 1.03
while with M1 = 25M⊙,M2 = 32M⊙,Mf = 66M⊙ and af = 0.6, we get
(
Af/Ai
)
max
= 2.38 so that Af/Ai may be
taken to be 1.57+0.81−0.54 for GW150914.
38 In this analysis, we have made a simplifying assumption that the errors in the
estimated parameters, as quoted by Abbott et al. (2016),33 are mutually independent.
Employing the above method to the three subsequent GW events as well, we arrive at the following table:
Event M1 M2 Mf af Af/Ai
GW150914 29
+4.0
−4.0
M⊙ 36
+5.0
−4.0
M⊙ 62
+4.0
−4.0
M⊙ 0.67
+0.05
−0.07
1.57
+0.81
−0.54
GW151226 14.2
+8.3
−3.7
7.5
+2.3
−2.3
20.8
+6.1
−1.7
0.74
+0.06
−0.06
1.40
+3.16
−0.92
GW170104 31.2
+8.4
−6.0M⊙ 19.4
+5.3
−5.9M⊙ 48.7
+5.7
−4.6M⊙ 0.64
+0.09
−0.20 1.55
+1.88
−0.8
GW170814 30.5
+5.7
−3.0M⊙ 25.3
+2.8
−4.2M⊙ 53.2
+3.2
−2.5M⊙ 0.70
+0.07
−0.05 1.54
+0.78
−0.54
It is evident from the table that for all the four events, average Af/Ai > 1, which is consistent with the SLBHT.
However, minimum values of Af/Ai are less than unity for GW151226 and GW170104, suggesting that the initial
BHs for these events were not of Schwarzschild kind if M1, M2 and af actually corresponded to the largest allowed
values while Mf to the minimum.
B. Planck Scales, Dyson Luminosity and Hawking Radiation
The gravitational wave luminosity, due to a source with slow internal motion, is given by39,
LGW =
G
2c5
〈
···6 Ijk ···6 Ijk
〉
(7)
where,
6 Iij(t) ≡ Iij(t)− 1
3
δijIkk (t)
is the reduced mass quadrupole moment, with mass quadrupole moment Iij(t) defined by,
Iij(t) ≡
∫
ρ(t, ~r)xixjd3r ,
ρ(t, ~r) being the mass density of the source.
It is interesting to note that physical dimensions of both c
5
G = 3.6×1059 erg s−1 and
···6 Ijk are identical. Furthermore,
if one considers Planck energy, EPl ≡ mPlc2 ≡
√
c5h¯/G (where, mPl ≡
√
h¯c/G is the Planck mass) and the Planck
time, tPl ≡
√
h¯G/c5 to define Planck luminosity (or, equivalently, Dyson luminosity)39–42,
LPl ≡ EPl
tPl
=
c5
G
(8)
then one concludes that, around the time of big bang, quantum fluctuations could have generated GWs with luminosity
∼ c5/G and that, since the quantum imprint h¯ is missing from the RHS in eq.(8), it is preferable that ∼ c5/G be
termed as Dyson luminosity (as Dyson was the first to discuss it in detail40,42).
4Suppose the mass distribution in a GW source varies asymmetrically over a typical time scale τ ∼ 2π/ω = 1/f , f
being the characteristic GW frequency, while the macroscopic non-spherical internal kinetic energy associated with
the source is Enonsph, then one can make simple estimate of GW luminosity using eq.(7),
LGW ∼ 2G
c5
ω2E2nonsph ≈ 2× 1050
(
Enonsph
1051 erg s−1
)2(
f
1 kHz
)2
erg s−1 . (9)
One may consider the case of gravitational collapse of a compact cosmic object like a supra-massive neutron star
or an over-dense pocket in the early universe of mass M and initial size R = α1Rs, where Rs ≡ 2GM/c2 is the
Schwarzschild radius and α1 >∼ 1. Non-spherical collapse of such a system to a BH with asymmetric kinetic energy
Enonsph = α2Mc
2 (α2 <∼ 1) occurring on a dynamical time scale ∼
√
R3/GM ∼ τdyn would, according to eq.(9), lead
to a GW luminosity,
LGW ∼ α
2
2
4α21
c5
G
= 9× 1058 α
2
2
α21
erg s−1 (10)
while
···6 Ijk ∼ Enonsph/τdyn ∼ α22√2α1
c5
G is essentially of the same order as LGW provided α1 and α2 are of order unity.
From eq.(10) it ensues that collision of bubble walls or rapid collapse of false vacuum pockets in the early universe43,44
could generate GW luminosity that is non-negligible fraction of c5/G. Similarly, supra-massive neutron stars or
magnetars (that are plausible progenitors of fast radio bursts/long gamma ray bursts45) collapsing to form BHs, as
they lose the centrifugal support due to magnetic braking, could also lead to LGW <∼ c5/G. However, in all such
situations, the total energy carried away by GWs is limited by Enonsph = α2Mc
2, even though GW luminosity may
approach the Dyson luminosity from below.
Special relativity and causality arguments constrain the initial source size to R <∼ cτdyn. When this constraint is
applied to eq.(9) we obtain,
LGW ∼ G
c5
E2nonsph
τ2dyn
<∼
GcM2
R2
. (11)
Therefore, one arrives at an upper limit for LGW by substituting the smallest possible size Rmin ∼ GM/c2 in eq.(11),
LGW <
GcM2
R2min
=
c5
G
, (12)
which indicates that Dyson luminosity may represent an upper limit for the GW luminosity39–42. Indeed, the peak
luminosity in the case of GW150914 does respect this constraint46.
Eq.(12), combined with Enonsph = α2Mc
2 and LGW ∼ Enonsph/τdyn, entails a lower limit for the time scale τdyn
(or equivalently, an upper limit on the characteristic frequency f) on which GW source matter gets redistributed,
τdyn ≥ α2GM
c3
= 1.5× 10−5 α2
(
M
3 M⊙
)
s⇒ f ≤ c
3
α2GM
∼= 67 α−12
(
M
3 M⊙
)−1
kHz . (13)
For GW150914, if one takes the mass scale to be ∼ 30− 40 M⊙, one does find that the observed maximum frequency
∼ 150 Hz46 is less than the upper limit deduced from eq.(13).
Luminosity associated with the evaporation of a BH of mass M , as it radiates away energy with flux FH = σT
4
H ,
where TH = c
3h¯/8πGMkB is the Hawking temperature, is given by
47,
LH ≈ FH × 4πR2s =
1
15360π
(
mPl
M
)2
c5
G
(14)
This implies that even for a Planck mass primordial BH, the Hawking luminosity (eq.(14)) is four orders of magnitude
smaller than the Dyson bound, which is understandable since Hawking radiation is manifestly driven by quantum
effects while Dyson luminosity is devoid of h¯.
III. BOSE-EINSTEIN CONDENSATION OF ULTRA-LIGHT DARK BOSONS AND FORMATION OF
MASSIVE BLACK HOLES
A very recent study, discussing SMBHs associated with three most distant quasars, J0100+2802 (z = 6.33),
J1120+0641 (z = 7.09) and J1342+0928 (z = 7.54), has arrived at the conclusion that scenarios in which BHs
5grow by accreting matter to become SMBHs with mass >∼ 108 M⊙ as early as z >∼ 7, need presence of very heavy seed
BHs (mass >∼ 103 M⊙) at z >∼ 40.12 Is there an alternate scenario that can produce SMBHs early on by circumventing
such stringent requirements? In this section, we describe a model that invokes ultra-light, bosonic DM particles to
generate SMBHs22.
As discussed in section I, existence of DM is inferred from the observed rotation curves, virialized galaxy clusters,
gravitational lensing by galaxies/clusters and closely interacting systems of galaxies13,14. We explore the consequence
of Bose-Einstein condensation of ultra-light scalar/ pseudo-scalar particles like axion or dynamical four-form making
up the DM15,20–22. A dynamical four-form can not only entail DE and ultra-light DM particles but may also lead to
magnetogenesis through Chern-Simons extension of electrodynamics48.
Here, we propose that rotating SMBHs ensue from the gravitational collapse of BEC made of ultra-light dark bosons
having non-zero angular momenta. To obtain a physical insight into our proposal, we first employ basic physics to
understand the mechanism underlying the theory before going into studying the problem that involves solving a
non-linear Gross-Pitaevskii equation.
A. Dark matter condensates, uncertainty principle and the central region of galaxies
Since the universe cools down as it expands, it is easy to see that the thermal de Broglie wavelength of identical
bosons, distributed uniformly on cosmological scales and having rest mass <∼ 1 eV, is larger than the mean separation
between them, at all epochs. Hence, for such bosons, the critical temperature to undergo Bose-Einstein condensation
is always greater than the temperature of the universe49,50.
When such light, non-relativistic and weakly interacting bosons of mass m constitute DM halo of size Rh, a fraction
of them with very low momenta p can form a condensate provided,
λDB ∼ h
p
>∼
(
3N
4πR3h
)−1/3
= Rh
(
3M
4πm
)−1/3
, (15)
where N and M are the number and the total mass of dark bosons making up the BEC. If the DM halo develops
an angular momentum due to tidal torques resulting from encounters with other galaxies51,52, then the energy of a
typical boson, that is a part of the rotating BEC and has an orbital angular momentum l, is simply,
E ∼ p
2
2m
+
l2
2mR2h
− GMm
Rh
< 0 (16)
so that,
p2 <
2GMm2
Rh
− n
2h¯2
R2h
(17)
after employing l ∼ nh¯, n = 1, 2, ..., as ordained by quantum theory, in eq.(16). The total angular momentum of the
BEC is, of course,
L ∼ nNh¯ = nh¯
(
M
m
)
(18)
Heisenberg’s uncertainty principle demands that,
∆p ∼ p >∼
h¯
2Rh
. (19)
According to eqs.(15) and (19), the size of the gravitationally bound BEC satisfies the inequality,
h
4πp
<∼ Rh <∼
h
p
(
3N
4π
)
. (20)
The above condition, in the case of a BEC, is self-consistent as N ≫ 1.
From minimum energy consideration, eq.(19) entails p ∼ h¯2Rh be substituted in eq.(16) so that,
E ∼ h¯
2
8mR2h
+
n2h¯2
2mR2h
− GMm
Rh
< 0 (21)
6implies,
Rh >∼
(
n2 +
1
4
)
h¯2
2GMm2
= 0.5
(
n2 +
1
4
)(
m2Pl
m M
)(
h¯
mc
)
= 4.3
(
n2 +
1
4
)(
107M⊙
M
)(
10−22 eV
m
)2
kpc (22)
For a fixed angular momentum, L = nNh¯, one can obtain an estimate of the BEC size by further minimizing E with
respect to Rh by setting,
∂E
∂Rh
=
GMm
R3h
[
Rh −
(
n2 +
1
4
)
h¯2
GMm2
]
= 0 (23)
so that the size Rh0 that leads to minimum energy configuration for the BEC is given by,
Rh0 =
(
n2 +
1
4
)
h¯2
GMm2
∼= 86
(
n2 +
1
4
)(
109M⊙
M
)(
10−22 eV
m
)2
pc (24)
corresponding to a single boson energy,
Emin = −GMm
2Rh0
= −0.5
(
mc2
n2 + 1/4
)(
m2Pl
m M
)−2
. (25)
Eq.(24) tells us that larger the angular momentum and smaller the total mass of the BEC, bigger is the latter’s size.
However, for a fixed angular momentum, with increasing BEC mass M not only its size decreases the corresponding
Schwarzschild scale Rs increases, making the possibility of irreversible gravitational collapse inevitable.
Any gravitational perturbation (e.g. galaxy-galaxy interaction) would tend to make the size of the condensate
oscillate about Rh0. A characteristic normal mode frequency ω can easily be obtained within the framework of small
oscillations. Beginning with,
Rh(t) = Rh0 + x(t) (26)
where |x(t)| ≪ Rh0 is the amplitude of oscillation. Substitution of eq.(26) in eq.(21) leads to,
E = Emin +
x2
R3h0
[
3h¯2(n2 + 1/4)
2mRh0
−GMm
]
= Emin +
1
2
GMm
R3h0
x2 (27)
From eq.(27), it is evident that the small oscillations about Rh0 are executed with a characteristic frequency,
ω =
√
GM
R3h0
(28)
corresponding to a time period τ = 2piω ,
τ = 2π(n2 + 1/4)3/2
(
1
GM
)2(
h¯
m
)3
∼= 2× 106 (n2 + 1/4)3/2
(
m
10−22 eV
)−3(
M
109 M⊙
)−2
yrs (29)
In general, the gravitational potential due to a rotating BEC would not be spherically symmetric like the one given
by eq.(16). However, the time scale of small oscillations is not going to be very different from the expression given
by eq.(29) if the spinning BEC is not highly deformed. In that case, undulations in the dark matter BEC trig-
gered by galactic encounters can have interesting astrophysical implications since eqs.(24) and (29) suggest that the
gravitational potential can vary on time scales of ∼ 106 yrs in a region of size <∼ 100 pc.
It is well known that star burst galaxies as well as host galaxies of quasars and other AGNs exhibit evidence of not
only very high star formation rates (SFRs) compared to those in normal galaxies but also of close encounters with
other galaxies53–56. Very rapid creation of stars out of available gas on a time scale of ∼ 107 yrs is often confined to
the nuclear regions of size <∼ 100 pc in star burst galaxies53. Furthermore, the host galaxy of a recently discovered
distant quasar J1342+0928 (z = 7.54) displays a high SFR of about 85− 345 M⊙ yr−1 along with an estimated mass
of (0.6− 4.3)× 108 M⊙ in dust11.
Now, energy of individual gas clouds or stars is not conserved when the gravitational potential varies with time, as
discussed in seminal papers by Lynden-Bell in the context of violent relaxation of stellar systems57,58. The ensuing
crossing of orbits due to time varying potential, because of the changing BEC size in our scenario, entails frequent
7collisions of gas clouds59. Collisions would cause sudden compression of gas clouds, driving shock waves through them,
leading to gravitational instabilities and formation of stars thereby60.
Such shocks could enhance a top heavy SFR on time scales ∼ 106 − 107 yrs, and plausibly explain the observed
rapid rates of star formation in star burst galaxies and presence of large amount of dust when the universe is only
∼ 108 − 109 yrs old.
Eventually the excited dark matter BEC would lose its energy to stars and gas clouds because of the time varying
gravitational potential and settle down to a lower energy configuration like what was obtained in eqs.(21)-(25). The
BEC will implode to form a BH if its size Rh0 is less than the Kerr EH radius given by,
RBH =
Rs
2
+
√(
Rs
2
)2
−
(
L
Mc
)2
. (30)
By making use of the condition Rh0 <∼ RBH along with eqs.(18), (24) and (30), we may express the criteria for the
BH formation to be,
(
n2 +
1
4
)
h¯2
GMm2
<∼
GM
c2
[
1 +
√
1−
(
nh¯c
GMm
)2 ]
(31)
so as to obtain the inequality,
(
n2 +
1
4
)(
m2Pl
M m
)2
<∼ 1 +
√
1−
(
n m2Pl
M m
)2
. (32)
In order to avoid appearance of imaginary numbers in the RHS above, eq.(32) demands that,
m M ≥ n m2Pl (33)
From the inequality in eq.(32), it follows that,
m M >∼
n2 + 1/4√
n2 + 1/2
m2Pl (34)
which automatically subsumes the reality criteria ensuing from eq.(33). For n=1, the above result implies,
m M >∼ 1.02 m2Pl (35)
In what follows, we will derive a more accurate constraint by studying the evolution of DM in the BEC phase using
the framework of Gross-Pitaevskii equation.
B. Gross-Pitaevskii Equation and Ultra-light Dark Matter Particles
If the galactic halos are made of ultra-light dark bosons (rest mass <∼ 1 eV), a very large fraction of them can be in
BEC states15,61. Typical speed of such particles in a DM halo is <∼ 100 km/s, so that a non-relativistic study of the
quantum problem is adequate for all practical purposes.
In the mean field approximation, dynamics of the BEC is governed by the time evolution of the condensate wave-
function. Then, evolution of the condensate wavefunction ψ(~r, t) can be described by the following Gross-Pitaevskii
equation (GPE),
ih¯
∂ψ
∂t
=
[
− h¯
2
2m
∇2 + Vext +N
∫
V (~r − ~u)|ψ(~u, t)|2d3u
]
ψ(~r, t) (36)
where,
V (~r − ~u) = 4πh¯
2a
m
δ3(~r − ~u) + Vg(|~r − ~u|) (37)
so that,
ih¯
∂ψ
∂t
=
[
− h¯
2
2m
∇2 + Vext +Ng|ψ(~r, t)|2+
8+N
∫
Vg(|~r − ~u|)|ψ(~u, t)|2d3u
]
ψ(~r, t) (38)
where m is the dark boson rest mass, g ≡ 4pih¯2am characterizes a short range contact interaction between the bosons
and Vext(r) is the gravitational energy due to a compact remnant of mass M0 at the centre (plausibly originating
from a population III star) given by,
Vext(r) = −GM0m
r
. (39)
The GPE of eq.(38) can be derived by extremizing the following action,
S =
∫
dt
∫
d3r L (40)
where,
L = ih¯
2
{
ψ
∂ψ∗
∂t
− ψ∗ ∂ψ
∂t
}
+
h¯2
2m
∇ψ∗.∇ψ + Vext |ψ|2+
+
gN
2
|ψ|4 + N
2
|ψ|2
∫
Vg(|~r − ~u|)|ψ(~u, t)|2d3u . (41)
Of course, the mutual gravitational interaction between any pair of ultra-light dark bosons separated by a distance
r is given by,
Vg(r) = −Gm
2
r
. (42)
Substituting eqs.(37), (39) and (41) in the action given by eq.(40) results in,
S =
∫
dt
∫
d3r L =
∫
dt
∫
d3r ψ∗
{
− ih¯∂ψ
∂t
− h¯
2
2m
∇2ψ + Vext ψ+
+
gN
2
|ψ|2 + N
2
∫
Vg(|~r − ~u|)|ψ(~u, t)|2d3u
}
ψ (43)
From here onwards, we will set g = 0, assuming that the contact interaction between the dark bosons is extremely
weak. Now, to obtain an approximate solution of eq.(38) we make use of the time dependent variational method by
employing a trial wavefunction (normalized to unity)62–64,
ψ(~r, t) = A(t) r exp (−r/σ(t)) exp (−iB(t) r) Ylm(θ, φ) (44)
The normalization condition entails A(t) and σ(t) to be related by,
|A(t)|2 = 4
3
(σ(t))−5 ⇒ A(t) = 2√
3
(σ(t))−5/2 (45)
so that the Lagrangian density of eq.(41) leads to a Lagrangian,
L =
∫
d3r L = − 5
2
h¯σB˙ +
h¯2
2m
B2 +
h¯2
2mσ2
+ Lint − GM0m
2σ
(46)
where the self-gravity term Lint is given by,
Lint ≡ N
2
∫
d3r|ψ(~r, t)|2
∫
Vg(|~r − ~u|)|ψ(~u, t)|2d3u . (47)
In the scenario envisaged in this article, a BEC corresponding to a very large number, N , of dark bosons with
momentum≪ mc, spread initially over a galactic scale ∼ 20 - 30 kpc, evolves quantum mechanically according to the
GPE of eq.(38) with g = 0.
9If we choose l = 1 and m = 1 so that,
ψ(~r, t) = A(t) r exp (−r/σ(t)) exp (−iB(t) r) Y11(θ, φ) (48)
then the self-gravity term of eq.(47) is given by,
Lint = − 0.37NGm
2
2σ
. (49)
The general case, involving arbitrary values of l and m, will be described in a separate paper65. Using eqs.(48) and
(49) in the Lagrangian given by eq.(46), one derives the following Euler-Lagrange equations,
B(t) = − 5m σ˙
2h¯
(50)
and,
5
2
h¯B˙ +
h¯2
mσ3
− G[0.37Nm+M0]m
2σ2
= 0 (51)
so that the above two equations can be combined to yield,
mσ¨ = −dVeff
dσ
(52)
where,
Veff ≡ 2
25
[
h¯2
mσ2
− G(0.37Nm+M0)m
σ
]
(53)
Eq.(52) can be trivially integrated to obtain,
1
2
mσ˙2 + Veff = Constant ≡ K0 ⇒ σ˙ = ±2
5
√
GM¯
σ
− h¯
2
m2σ2
+
25
2
K0 (54)
where,
M¯ ≡ 0.37Nm+M0
The time evolution of the trial wavefunction is completely determined by specifying the initial data σ(ti) and σ˙(ti)
at an initial time ti.
If at time ti, the condensate wavefunction is spread over a galactic scale and is contracting ever so slowly, implying
2σi ≡ 2σ(ti) ≈ 25 kpc and σ˙(ti) = − ǫ where ǫ ≈ 0 then,
K0 ≈ 0 ,
so that one can easily integrate eq.(54) to obtain,
t− ti = 5
3
√
σ3i
GM¯
[
(1− h¯
2
GM¯m2σi
)3/2 − (σ(t)
σi
− h¯
2
GM¯m2σi
)3/2
]
−
− 2h¯
2
GM¯m2σi
[
(1− h¯
2
GM¯m2σi
)1/2 − (σ(t)
σi
− h¯
2
GM¯m2σi
)1/2
]
(55)
The turning point occurs at σmin corresponding to σ˙ =0 so that,
σmin =
h¯2
GM¯m2
(56)
In general, after reaching the turning point, σ(t) starts increasing again following a bounce. However, in those
situations in which the contracting BEC size ≈ 2σ(t) becomes comparable to the associated event horizon radius
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(eq.(30)), general relativistic effects start taking over and as a result there is no bounce, instead the size keeps
shrinking. In order to find out the conditions under which the BEC implodes into a BH, we adopt a heuristic
approach by first considering the total mass enclosed within a sphere of radius 2σ(t) at time t,
M0 +Mψ(< 2σ(t), t) =M0 +Nm
∫ 2σ(t)
0
∫ 2pi
0
∫ pi
0
|ψ(r, t)|2d3r
=M0 +
4Nm
3(σ(t))5
∫ 2σ(t)
0
r4 exp (−2r/σ(t))dr ∼= M0 + 0.37Nm = M¯ (57)
Then, the corresponding angular momentum of the condensate is given by,
L¯ = Nh¯
∫ 2σ(t)
0
∫ 2pi
0
∫ pi
0
|ψ(r, t)|2d3r = 0.37Nh¯ . (58)
Hence, when M¯ and L¯ of eqs.(57) and (58) are substituted as effective mass and angular momentum, respectively, in
the EH radius given by eq.(30), we get,
RBH =
GM¯
c2
[
1 +
√
1− m
4
pl
M¯2m2
(1 −M0/M¯)2
]
(59)
The dark boson condensate will certainly collapse to form a BH if,
2σmin =
2h¯2
GM¯m2
< RBH (60)
Therefore, from eq.(60), we have the following criteria for the formation of a BH of mass M¯ :
mM¯ >
m2Pl√
1− 14 (1 −M0/M¯)2
∼= 1.15m2Pl (61)
It is interesting to note that the condition given by eq.(35), although derived using simple physical arguments in the
previous subsection, is not much different from the above inequality.
So, eqs.(55) and (61) imply that the dark boson mass must satisfy,
m > 1.54× 10−20
(
M¯
1010 M⊙
)
eV (62)
in order that SMBHs heavier than billion solar masses are formed on time scales,
τdyn = t− ti ∼= 5
3
√
σ3i
GM¯
≈ 108 − 109 yrs , (63)
assuming an initial BEC size 2σi ≈ 20-30 kpc.
In this scenario, lighter (m ∼ 10−23 eV) DM particles can even lead to formation of SMBHs of mass > 1012 M⊙. If
the fraction of DM halo that undergoes Bose-Einstein condensation does not vary appreciably from galaxy to galaxy,
then the above process can naturally explain the observed correlation between the mass of the SMBH and the halo
mass66.
It is also possible to make simple estimates of low frequency gravitational radiation that is emitted as the size of
the condensate changes with time. Assuming an asymmetric variation in size, energy carried away by gravitational
radiation is,
EGW ≈ ǫ GM¯
2
σmin
= ǫ 2.4× 1064
(
M¯
1010 M⊙
)3 (
m
1.54× 10−20 eV
)2
erg (64)
over a time scale given by eq.(63),
τdyn = 9.4× 108
(
M¯
1010 M⊙
)−1/2 (
σi
25 kpc
)3/2
yrs (65)
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where the parameter ǫ characterizes the asymmetric changing size.
Hence, the gravitational wave luminosity can be estimated to be,
LGW ∼ EGW
τdyn
≈ ǫ 1048
(
M¯
1010 M⊙
)7/2 (
m
1.54× 10−20 eV
)2 (
σi
25 kpc
)−3/2
erg/s (66)
associated with a very low characteristic frequency,
νGW ∼ τdyn−1 = 3× 10−17
(
M¯
1010 M⊙
)1/2 (
σi
25 kpc
)−3/2
Hz (67)
The luminosity LGW is comparable to the power radiated by bright quasars in the electromagnetic regime if ǫ is of
order unity.
Also, if the asymmetric kinetic energy Enonsph associated with a collapsing condensate at a distance d from us is
∼ GM¯2/σmin then the ensuing GW amplitude on Earth can be estimated to be,
hGW ∼ 4GEnonsph
c4d
=
2
d
(
2GM¯
c2
)(
mM¯
m2Pl
)2
∼ 3× 10−10
(
M¯
1010 M⊙
)3 (
m
1.54× 10−20 eV
)2(
d
10 Mpc
)−1
. (68)
On the other hand, if the central BH is not formed, the dark bosons can form a stable self-gravitating system with a
characteristic size R0 = 2σmin that minimizes Veff of eq.(53). Tidal forces, as two galaxies go past each other, can
induce small oscillations in the condensate about the size R0,
2σmin = 176
(
109M⊙
M
)(
10−22 eV
m
)2
pc (69)
that follows from eq.(56) (which essentially is not very different from the result of eq.(24) when n = 1).
The normal mode angular frequency ωosc of such an undulation is given by,
ω2osc =
1
m
d2Veff
dσ2
∣∣∣∣
R0
=
G4M¯4m6
100 h¯6
(70)
corresponding to a frequency,
νosc =
ωosc
2π
= 1.35× 10−15
(
M¯
109 M⊙
)2 (
m
10−22 eV
)3
Hz . (71)
Such oscillations could play an important role in amplifying star formation rates in the central region of interacting
galaxies, as discussed in the preceding subsection. From eq.(71) it is evident that if dark bosons have mass as low
as 10−22 eV, the associated emission of gravitational waves (GWs) will presently be unmeasurable. This is because
of the fact that the current Pulsar Timing Arrays (PTA), which use arrival times of radio-pulses from milli-second
pulsars, can only detect GWs that have frequency ≥ nanoHertz67.
However, in this scenario, DM particles with rest mass ≥ 10−20 eV are promising not only in generating SMBHs
with mass >∼ 1010M⊙ but also in entailing emission of GWs with frequency >∼ 10−8 Hz from undulating BECs, whose
existence can be constrained by the current PTA.
Discussion
Existence of very light (m ∼ 10−23 − 10−20 eV) bosonic DM particles can have far reaching astrophysical conse-
quences - early formation of SMBHs with mass > 109 M⊙, enhancement of SFR in the nuclear region of interacting
galaxies, GWs from dark BEC undergoing dynamical change as well as dark energy.
Since BEC oscillation frequency is very sensitive to the rest mass of the dark boson, detection of GWs from such
undulations is possible in the near future only if m >∼ 10−20 eV. While m ∼ 10−23 − 10−22 eV has interesting
repercussions as far as star burst galaxies, very high redshift host galaxies of AGNs with large amount of dust and
DE are concerned, it leads to generation of SMBHs with mass >∼ 1011 M⊙, in our model.
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